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Abstract 
Conventional interpretations of the logistic equation and the logistic surplus-production model 
appear to indicate that regulation of population size occurs as a result of competition for resources 
among the recruited members of a population. Compensation for fishing mortality may involve 
increased growth of adults and an increase in fecundity, but the major compensatory factor is 
increased survival of early life stages. In this study, the logistic surplus-production model is 
formulated in explicit erms for growth, reproduction, and mortality, and in this new formulation 
the capacity of a population to increase and sustain a fishery is based on a stock-recruitment 
relation that is a more realistic interpretation of fishery dynamics. All parameters can be estimated 
with catch and effort data. The models were applied to the American lobster Homarus americanus 
fishery in Maine and the spiny dogfish Squalus acanthias fishery. There is a considerable difference 
in the stock-production curves between the two fisheries that can be interpreted in terms of a 
similar difference in the spawner-recruit curves. Because spiny dogfish produce relatively few 
young, they have a lower potential for increase than American lobsters and their rate of re- 
cruitment does not increase with exploitation as greatly as that for lobsters. 
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Surplus-production models provide a simple 
means for description of the dynamics of ex- 
ploited populations in terms of a density-de- 
pendent compensatory response to fishing, they 
are relatively easy to study analytically, and they 
often can be applied for stock assessment with 
only catch and effort data. These are good rea- 
sons for application of surplus-production 
models. However, with surplus-production 
models, the dynamics of a population are de- 
scribed in terms of vague notions of a carrying 
capacity and a coefficient for increase. The ca- 
pacity of a population to increase is some func- 
tion of population size; a maximum capacity for 
increase occurs at an intermediate population 
size, which appears to indicate that compensa- 
tion for exploitation occurs during the recruit- 
ed life stages. Exploitation may result in a de- 
crease in natural mortality of recruits, an 
increase in growth of recruits, and an increase 
in fecundity, but increased survival of early life 
stages is the major compensatory mechanism 
(Beverton and Holt 1957; Ricker 1975). 
The logistic model can be interpreted in sev- 
eral different ways and some interpretations are 
consistent with the observed dynamics of fish- 
eries. Walter (1978) developed a surplus-pro- 
duction model that incorporates a recruitment 
function and that gives a more realistic descrip- 
tion of the compensatory dynamics of a fish pop- 
ulation in terms ofa spawner-recruit curve, but 
to apply his model, data for recruitment as well 
as for catch and effort are necessary. Recruit- 
ment data are available for few fisheries and 
when they are, age-structure data also are likely 
to be available and a surplus-production model 
usually would not be applied. Deriso (1980) de- 
veloped a yield equation that gives change in 
biomass in terms of growth, recruitment, and 
mortality; his model has some features in com- 
mon with surplus-production models but it is a 
discrete-time model. 
It is shown in this study that the logistic sur- 
plus-production model can be interpreted in 
terms of explicit components for growth, mor- 
tality, and recruitment and that all of the pa- 
rameters can be estimated from catch and effort 
data. The model is applied to describe the dy- 
namics of fisheries for American lobster Hom- 
arus americanus and spiny dogfish Squalus acan- 
thias. The life histories of these two species are 
different and a comparison of the models fitted 
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to these two species provides an evaluation of 
the ability of the models to distinguish differ- 
ences in spawner-recruit relations. 
Model Development 
For surplus-production models, the capacity 
of a population to increase is some function of 
population size and the maximum capacity to 
increase occurs at some intermediate popula- 
tion size. A commonly applied surplus-produc- 
tion model is the logistic model developed by 
Volterra (1928), Graham (1935), and Schaefer 
(1954, 1957), described by the equations 
dY/dt = qEB and (1) 
dB/dt = kB - kB•/B•o - qEB; (2) 
Y = cumulative yield; 
t = time; 
B = biomass of the exploited part of the 
population; 
B• = environmental carrying capacity in 
terms of biomass; 
k = population growth coefficient; 
q = catchability coefficient; 
E = fishing effort. 
Under equilibrium conditions where dB/dt = 
0, the relation between annual equilibrium yield 
Ye and biomass is the parabola 
L = k• - k•/•, (3) 
and the relation between annual equilibrium 
yield and effort is the parabola 
Y• = qBooE - (q•B•/k)E •. (4) 
The logistic surplus-production model indicates 
that a maximum sustainable yield MSY of kB•/4 
occurs at a biomass of B•/2 and a fishing effort 
ofk/2q. Useful modifications of the logistic sur- 
plus-production model have been suggested by 
Pella and Tomlinson (1969), Fox (1970), Walter 
(1973, 1978), and Marchesseault et al. (1976). 
Russell (1931) described the change in abun- 
dance of an exploited fish stock in terms of a 
balance among natural mortality, recruitment, 
growth, and fishing mortality using the equa- 
tion 
B(t)=B(t- 1) +R + G- e-M; (5) 
B(t) = biomass of the catchable stock at 
time t; 
B(t - 1) = biomass of the catchable stock at 
time (t - 1); 
R = increase in biomass of the catch- 
able stock through recruitment; 
G = increase in biomass of the catch- 
able stock through growth of in- 
dividuals from time t to t + 1; 
F = loss of biomass from the popu- 
lation through fishing; 
M = loss of biomass from the popu- 
lation through natural mortality. 
In Equation (5), the change in stock biomass 
equals recruitment plus growth minus natural 
and fishing mortality. If change in growth, nat- 
ural mortality, and fishing mortality are as- 
sumed proportional to stock size, Russell's mod- 
el can be written as 
dY/dt = qEB and (6) 
dB/dt = (K - M)B + R(t) - qEB, (7) 
where the new terms are 
K = parameter for increase in biomass re- 
sulting from growth in size of indi- 
viduals; 
M = natural mortality coefficient; 
R(t) = biomass of recruitment at time t. 
Equations (6) and (7) form a general surplus- 
production model that includes many other 
models as special cases. First the case with con- 
stant recruitment will be considered. With con- 
stant recruitment, Equation (7) predicts that 
biomass of an unfished population will converge 
to Rc(M - K) -t and this is the carrying capacity; 
Rc is a constant rate of recruitment. At any level 
of fishing such that (M + qE) > K, population 
biomass will converge to Rc/(M - K + qE). Un- 
der equilibrium conditions, the relation be- 
tween annual equilibrium yield and biomass is 
the linear equation 
L = nc + (g - M)•. (8) 
This is the equation for equilibrium yield given 
by Russell (1931). The stock-production curve 
is a line that decreases from Rc at B = 0 to zero 
at B = Rc/(M - K) provided that M < K. 
If recruitment is constant, the relation be- 
tween annual equilibrium yield and fishing ef- 
fort is the asymptotic equation 
Ye = qERc/(M - K + qE). (9) 
The asymptote is recruitment Re. The model 
predicts no maximum yield; yield increases to- 
ward an asymptote as effort increases and the 




FIGURE 1.--Spawner-recruit data for Atlantic cod 1938- 
1960 and (A) parabolic and (B) Ricker spawner-recruit 
functions. 
highest yields from the fishery occur when the 
level of fishing is intense and the population 
consists of newly recruited individuals. This is 
the same relation obtained with the dynamic- 
pool model when natural mortality is high and 
recruitment is constant (Beverton and Holt 
1957). 
Recruitment often is assumed to be a function 
of population size, increasing to a maximum at 
an intermediate level of stock biomass and then 
decreasing with further increase in biomass. 
Ricker's (1954) spawner-recruit relation be- 
tween recruitment at time t and biomass at time 
(t - t,•), where t m is the age at maturity, is 
R = aB(t - t•)e -hB( .... ), (10) 
where a and h are parameters. This is a flexible 
function that describes the pattern but a parab- 
ola gives a similar pattern and leads to the lo- 
gistic surplus-production model. A surplus-pro- 
duction model could be formulated based on 
Ricker's model but Ricker's model is difficult to 
handle mathematically. The parabola can be 
considered an approximation to Ricker's func- 
tion; the series expansion of the exponential 
term of Ricker's model is 
e -• = • (-hB)i/i! (1 1) 
i=O 
and for an approximation with i = 1, Ricker's 
o 
o 
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FIGURE 2.--Spawner-recruit abundance for Skeena River 
sockeye salmon 1908-1952 and (A) parabolic and (B) 
Ricker spawner-recruit functions. 
recruitment equation becomes the parabola 
R = aB(t - t,•) - bB(t - t,•) •, (12) 
where b is a parameter. For some species for 
which the number of spawners and recruits or 
spawner and recruit indices are available, a pa- 
rabola fits about as well as Ricker's model. To 
demonstrate this, a parabola and Ricker's mod- 
el both were fitted by least squares to the spawn- 
er-recruit data for Skeena River sockeye salm- 
on Oncorhynchus nerka published by Shepard and 
Withler (1958) and to the data for Atlantic cod 
Gadus morhua published by Garrod (1967). For 
both of these populations, there is considerable 
scatter, as is typical of spawner-recruit data, 
and the parabola fits about as well as Ricker's 
model (Figs. 1 and 2). 
If recruitment is described by a parabola, the 
surplus-production model (Equations 6 and 7) 
becomes 
dY/dt = qEB (13) 
dB/dt = (K- M)B • + aB (t- t,•) 
- bB(t - t,•) • - qEB, (14) 
which is a logistic surplus-production model with 
a time lag and it is similar to the model sug- 
gested by Marchesseault et al. (1976). Estima- 
tion of parameters for surplus-production 
models is difficult and the above model cannot 
be easily fitted with only catch and effort data, 
so recruitment is assumed to be instantaneous; 
then the model becomes 
dy/d/ = qEB (15) 
dB/dt = (K - M + a)B - bB • - qEB, (16) 
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which is a logistic surplus-production model. 
However, the parameters now have a different 
interpretation; in Equation (16) the density de- 
pendence operates through the spawhet-re- 
cruit relation and the rate of recruitment is a 
maximum at some intermediate population size. 
Although the model with a time lag describes 
the recruitment process more accurately and 
may be better for forecasting, surplus-produc- 
tion models usually are applied for equilibrium 
analyses and, in this situation, the above two 
models become nearly identical. Some time-lag 
models result in different behavior from the 
logistic model (Marchesseault et al. 1976), 
whereas other models result in behavior similar 
to the logistic provided that the time lag is not 
too long (Hutchinson 1948; Walter 1973). Fur- 
ther study is necessary to determine which time- 
lag models better describe the dynamics of fish 
populations. 
The equilibrium population size for a popu- 
lation described by Equation (16) can be deter- 
mined from the spawhet-recruit relation or 
from the equation for change in biomass. There 
is a replacement level of biomass B* for an unex- 
ploited fishery such that at B* the population 
is at equilibrium and R* = cB*, where c is a 
parameter and R* is recruitment at equilibri- 
um. The level of recruitment at equilibrium 
without exploitation can be calculated from the 
spawner-recruit curve as 
R* = cB* = aB* - b(B*) 2, 
which gives the equilibrium biomass in terms of 
the parameters as 
B* = (a - c)/b. (17) 
Ira population is not exploited, it will maintain 
itself at B* and from the biomass equation 
(Equation 16), when dB/dt = 0 and B = B*, the 
equation 
B* = (a - M + K)/b (18) 
is obtained. Comparison of Equations (17) and 
(18) shows that the parameter c equals M - K. 
Recruitment in an unexploited population is 
R* = [a(M - K) - (M - K)2l/b (19) 
and a maximum recruitment of a2/4b occurs at 
a biomass of a/2b. 
If the dynamics of a fishery are described by 
Equations (15) and (16) the relations between 
yield and biomass and between yield and effort, 
as well as between recruitment and biomass, are 
all parabolas. At equilibrium where dB/dt = O, 
the relation between annual equilibrium yield 
and biomass is 
Y•=(a- M + K)B- bB • (20) 
and the maximum yield, (a - M + K)a/4b, oc- 
curs at a biomass ofBmsy = (a - M + K)/2b. The 
MSY occurs when recruitment is 
Rmsy = [a 2 - (K - M)2]/4b. (21) 
The relation between annual equilibrium yield 
and fishing effort is the parabola 
Y• = (K - M + a)qE/b - q2Ea/b. (22) 
Parameter Estimation 
Estimation of parameters of surplus-produc- 
tion models is difficult, especially if biomass is 
not proportional to annual catch per unit of 
effort (Bannerot and Austin 1983). This brings 
into question estimation methods that linearize 
the yield equation and then approximate bio- 
mass in terms of catch per unit of effort (for 
example, Schnute 1977). Numerical integration 
of the yield equation and nonlinear least squares, 
as suggested by Pella and Tomlinson (1969), 
avoids the need to assume biomass is proportion 
to annual catch per unit of effort. To apply the 
Pella and Tomlinson (1969) method, it is help- 
ful to use a biomass equation that can be inte- 
grated in closed form and this makes it impos- 
sible to consider time lags. 
To estimate parameters of the logistic model 
with explicit parameters for growth, mortality, 
and recruitment, both the model with constant 
recruitment and the model with a parabolic 
spawhet-recruit function are fitted to the catch 
and effort data. The constant-recruitment mod- 
el provides an estimate of K, M, and the average 
recruitment and is a base from which the re- 
lation between stock and recruitment can be 
measured. All of the parameters can be esti- 
mated for the logistic model, the asymptotic 
model, and the model with a spawhet-recruit 
relation. Parameters of both the logistic and 
asymptotic model were estimated with nonlin- 
ear least squares to fit the solutions of the yield 
equations to observed yields. Application of the 
trapezoidal rule to the yield equation gives the 
estimated yields as (Pella and Tomlinson 1969) 
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t+ 1Y(t) = qE(t) B(y) dy 
= qE(t)[B(t + 1) + B(t)]/2. (23) 
For the logistic model biomass values were cal- 
culated from the solution to the biomass equa- 
tion (Equation 2) 
B(t) = B(k qE) 
]1 + ) B(k qE/'e-(k-qE)t ' (24) 
For the asymptotic model, biomass values were 
calculated from the solution of the biomass 
equation (Equation 16) 
R 
B(t) M + qE - K [1 - e(•-M-qE)•] (25)
+ B(O)e•K-s•-q• •. 
For the logistic model, the values of the param- 
eters k, q, and B• that minimized the residual 
sum of squares 
[¾(t) - ¾(0] 2 (26) 
t 
was found, and for the asymptotic model, the 
values of the parameters q, Re, and (K - M) that 
minimized the residual sum of squares was 
found. 
Application of the above method gives esti- 
mates of k, B•, and q for the logistic model and 
(K - M), Re and q for the asymptotic model. 
From these estimates the parameters of the 
spawner-recruit model were estimated as 
b = k/B• and (27) 
a = k- c=k + (K- M). (28) 
The term (K + M) can be calculated with the 
equation 
K + M = bR*/a(M - K), (29) 
which is obtained from the equation for R* at 
equilibrium (Equation 19), and then from the 
estimated values of (M - K) and (M + K), the 
values of M and K can be estimated. 
Results and Discussion 
To evaluate the surplus-production model 
formulated in terms of a spawner-recruit re- 
lation, the logistic surplus-production model, the 
asymptotic model, and the model with a spawn- 
er-recruit relation were applied to describe the 
American lobster fishery of Maine and the spiny 
dogfish fishery of the North Sea (all subsequent 
references to "lobster" and "dogfish" refer to 
these species). These fisheries were selected be- 
cause a long series of catch and effort data are 
available for each, and the biology and life his- 
tories of lobsters and dogfish are considerably 
different. Dow et al. (1975) described the lob- 
ster fishery and gave catch and effort data for 
1928 to 1972; Holden (1977) described the dog- 
fish fishery and gave catch and effort data for 
1951 to 1970. 
Application of parameter estimates (Table 1) 
for the logistic and asymptotic surplus-produc- 
tion models, obtained by fitting the catch and 
effort data with nonlinear least squares, togeth- 
er with the relations given by Equations (27), 
(28), and (29), gives the estimates of the param- 
eters M and K of the asymptotic model and the 
parameters of the spawner-recruit model. Pop- 
ulation quantities then were derived from these 
parameters together with the equations of the 
previous section (Table 1). 
Statistical evaluation of the parameter esti- 
mates of surplus-production models is difficult; 
a valid analysis would consider the nonlinearity 
of the models and correctly model the random 
variables. Statistical theory for such models is 
limited (Draper and Smith 1980), and, in this 
study, accuracy of the parameter estimates was 
judged qualitatively in terms of how well the 
fitted models described the observed catch and 
effort data, in terms of the relations among pa- 
rameters, and in terms of the relations of cer- 
tain parameters, such as the carrying capacity, 
to the observed catch and effort data. 
Both the logistic and asymptotic models de- 
scribed the trends in the lobster catch data (Fig. 
3), but both models overestimated catch during 
the early years and underestimated catch from 
1950 to 1960. For lobster, the coefficients of 
determination between observed and predicted 
yields were high: 0.84 for the logistic model and 
0.82 for the asymptotic model. The logistic and 
asymptotic models also describe the pattern of 
fluctuations in the dogfish fishery (Fig. 4) but 
the coefficients of determination are lower than 
for the lobster: 0.22 for the logistic model and 
0.20 for the asymptotic model. Some of the dif- 
ferences in the coefficients of determination be- 
tween the lobster and dogfish fisheries result 
from the increase in yield of lobsters, which 
gives a high slope; the coefficient of determi- 
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F•CUstE 3.--Observed Maine American lobster catch (solid line) and predictions of logistic model (dashed line) and 
asymptotic model (dotted line). 
nation is influenced both by the slope of a re- 
lation and by the scatter of observations about 
the predicted values (Draper and Smith 1980). 
For both fisheries, the estimates of the catch- 
ability coefficients were the same for the logistic 
model and the asymptotic model. The carrying 
capacities of both fisheries are reasonable when 
compared to yield; for the lobster fishery the 
MSY is 25% of population size at the MSY and 
for the dogfish fishery the MSY is 26% of pop- 
ulation size. The average recruitment Rc ob- 
tained with the asymptotic model is consistent 
with the values obtained with the spawner-re- 
cruit relation Rmsy (Table 1). The recruitment 
T^B•.E 1 .--Estimated surplus-production parameters and population quantities calculated from these for the Maine 
American lobster and North Sea spiny dogfish fisheries. 
Parameter or quantity American Spiny 











Parameters estimated directly by nonlinear model fits to catch-effort data 
Population growth coefficient 0.50 0.50 
Biomass of exploited population Tonnes 8 x 10 f 3 x 10 • 
Catchability coefficient 0.3 x 10 -6 0.5 x 10 -5 Equilibrium recru tment parameter 0.03 0.07 
Constant recruitment Tonnes 10,000 42,000 
Parameters estimated from above quantities 
Natural mortality coefficient 0.50 0.50 
Growth coefficient, individuals 0.47 0.43 
Recruitment parameter 6.25 x 10 -6 1.67 x 10 -6 
Recruitment parameter 0.53 0.57 
Quantities estimated from above parameters 
Biomass at maximum recruitment Tonnes 42,400 170,966 
Maximum recruitment Tonnes 11,236 48,725 
Equilibrium recruitment Tonnes 2,400 20,970 
Equilibrium biomass Tonnes 80,000 300,000 
Biomass at maximum yield Tonnes 40,000 150,000 
Effort at maximum yield Traps 833,333 
Hours 500,000 
Maximum sustainable yield Tonnes 10,000 37,500 
Recruitment at maximum yield Tonnes 11,200 47,990 






950 I 55 1960 1965 1970 
FZOURE 4.--Observed spiny dogfish catch in thousands of metric tons (solid line) and predictions of logistic model (dotted 
line) and asymptotic model (dashed line). 
estimates obtained with the spawner-recruit re- 
lation are of considerable interest (Table 1). 
Recruitment in an unexploited lobster popu- 
lation would be only 3% of the standing stock. 
At the MSY, lobster recruitment is 26% of the 
standing stock. Recruitment in an unexploited 
dogfish population also would be low but at 7% 
of the standing stock it would be nearly twice 
as high, relative to stock size, as lobster recruit- 
ment. At the MSY, dogfish recruitment is about 
28% of the standing stock. 
The equilibrium stock-production curves of 
both the asymptotic model and the logistic mod- 
el fit the catch and effort data for both the dog- 
fish and the lobster fishery (Figs. 5 and 6), but 
for the lobster fishery the catch clearly has de- 
creased at high effort and the logistic model 
describes the pattern better than the asymptotic 
model. For the dogfish fishery, catch has not 
decreased with high effort and the asymptotic 
and logistic models describe the pattern about 
equally as well. With the logistic model, the MSY 
for the lobster fishery is 10,000 t at a fishing 
effort of 833,333 traps, and for the dogfish fish- 
ery the MSY is 35,700 t at a fishing effort of 
500,000 hours. The effort applied to the lobster 
fishery has exceeded the level that should pro- 
duce the MSY and yield has increased to a max- 
imum and begun to decrease as predicted by 
the model; however, the dome of the equilib- 
rium stock-production curve appears too high 
and overestimates the MSY. For the dogfish 
fishery, fishing effort also has gone beyond the 
level that should produce the MSY, but there 
is not a clear peak in the observed catch and 
effort data. The asymptotic stock-production 
curve fits the dogfish data about as well as the 
logistic model, which might indicate that either 
the capacity of dogfish populations to increase 
is not closely density-dependent or the popu- 
lation does not have a large reproductive re- 
serve. 
Dogfish produce only a relatively small num- 
ber of young and the spawner-recruit relations 
for dogfish and lobster are very different (Figs. 
7 and 8). For the lobster population, as biomass 
decreases below the equilibrium-level, recruit- 
ment increases harply and the maximum level 
o•/ , , , , , , , , , , , , , 
F•ou•z 5.•Catch and effort data for Maine American 
lobster 1928-1972 and eguilibrium stock-production 
cu•es for (A) logistic model and (B) asymptotic model. 
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FIGURE 6.--Catch and effort data for spiny dogfish 1951- 
1970 and (A) logistic equilibrium stock-production curve 
and (B) asymptotic stock-production curve. Yield is in 
thousands of tonnes and effort is hundreds of thousands 
of hours. 
of recruitment is more than five times the level 
of recruitment without fishing. At the MSY, 
yield is nearly equal to recruitment. The lobster 
fishery is sustained largely by new recruits (Dow 
et al. 1975). The maximum recruitment for 
dogfish is only a little more than twice the level 
of recruitment at equilibrium without a fishery. 
Many models for biomass change can be de- 
veloped from the relation among change in bio- 
mass, natural mortality, fishing mortality, and 
growth formulated by Russell (1931). The ca- 
pacity of the logistic surplus-production model 
to describe the general pattern of growth of 
populations has been well established in appli- 
cations of the surplus-production model to nat- 
4O 
0 
0 I00 200 300 
POPULATION BIOMASS 
FIGURE 7.--Spiny dogfish spawhet-recruit relation esti- 
mated from logistic surplus-production model. Recruit- 
ment and population biomass are in thousands of tonnes. 
The points indicate the maximum recruitment and re- 
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RECRUITMENT B•OMASS 
FIGURE 8.--American lobster spawhet-recruit relation es- 
timated from logistic surplus-production m del. Recruit- 
ment and population biomass are in thousands of tonnes. 
The points indicate the maximum recruitment and re- 
cruitment at equilibrium without fishing. 
ural populations (for example, Schaefer 1954, 
1957; Ricker 1975;Jensen 1976, 1978) and in 
laboratory experiments (Silliman and Gutsell 
1958; Silliman 1968, 1971, 1972; Jensen and 
Marshall 1982, 1983); therefore, a reasonable 
approach for development of a model with ex- 
plicit terms for the components of yield is to 
formulate the logistic equation in terms of 
growth, reproduction, and mortality. 
Interpretation of the logistic surplus-produc- 
tion model in terms of a recruitment function 
describes the capacity of a population to in- 
crease and support a fishery in terms of an in- 
crease in recruitment that occurs with a de- 
crease in population size. In an unexploited 
stock, a population fluctuates about a carrying 
capacity that is also the population size for equi- 
librium between stock and recruitment. Ex- 
ploitation increases mortality, which decreases 
stock size; as exploitation increases, stock size 
decreases and recruitment increases to a max- 
imum and then begins to decrease. The capacity 
of a population to increase and to support a 
fishery results from the relation between abun- 
dance of spawners and recruitment. This is a 
more realistic description of the dynamics of an 
EXPLICIT TERMS FOR THE SURPLUS-PRODUCTION MODEL 625 
exploited fish population than is given by the 
usual interpretation of the logistic surplus-pro- 
duction model. The two descriptions are not 
incompatible; the usual formulation of the lo- 
gistic equations assumes that there is density- 
dependent regulation of population size but it 
does not describe the mechanism. 
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